The Lorentz invariant formalism for quasi-classical description of electromagnetic radiation from a neutral spin 1 / 2 particle with an anomalous magnetic moment moving in the external electromagnetic field is developed. In the high symmetry fields, for which analytical solutions of Bargmann-Michel-Telegdi equation are known, so called self-polarization axes, i. e. directions of preferred polarization of particles in the radiation process are found. The expressions for the probability of the radiation transition and spectral-angular distribution of the polarized particle radiation power in the fields under consideration are obtained.
Introduction
Electromagnetic radiation from an uncharged spin 1 / 2 particle with an anomalous magnetic moment moving in certain types of classical electromagnetic field was studied previously within the Furry picture of quantum electrodynamics (QED) [1, 2, 3, 4, 5, 6, 7] . Meanwhile it was observed that under certain conditions the radiation process may be described in purely classical terms using the Bargmann-Michel-Telegdi (BMT) spin evolution equation [8, 9] . In such a pseudoclassical treatment the radiation power is given by the well-known formula for a magnetic moment radiation [10] :
where µ ν is the 4-vector of magnetic moment and u ν is the 4-velocity of a particle. Here l ν = {1, l}, where l is the unit vector in the direction of an emitted wave; a dot denotes the differentiation with respect to the proper time τ . We use the units = c = 1.
The radiation power calculated within the framework of QED is found to correspond to the result obtained from the equation (1.1) under the conditions of quasi-classical particle motion, namely, the binding energy due to the magnetic moment in the rest frame is much smaller than the particle mass, and the external field varies slowly at the distances of the order of the Compton length, which amounts to conditions:
where H 0 is the magnetic field strength in the rest frame and µ 0 is the value of particle magnetic moment (here we use gaussian units).
In our papers [11, 12] radiation of unpolarized neutral particles was investigated in quasiclassical approach in the case of arbitrary field. To study radiation from an unpolarized particle one must impose an additional requirement that consists in averaging over the initial spin states and summing over the final polarizations. The averaging of the quantum transition amplitudes should correspond to the averaging over the initial orientations of the magnetic dipole moment within the quasi-classical consideration. We proposed [11, 12] to replace the magnetic moment by
where S ν is the mean value of the spin vector, its evolution being described by the BMT equation [13] :
The validity of this equation is ensured by the conditions (1.2) [14, 15] . Our main goal was to show that when the averaging over polarization states at τ = τ 0 is performed, the resulting expression for the radiation power depends only on the external field intensity and thus is valid in the case of arbitrary external field subjected to the conditions (1.2). It is important that the neutral particle moves with a constant velocity in the external field. Of course, the true quantum description of radiation demands the accounting of quantum recoil in the photon emission process. But when conditions (1.2) are satisfied, the energies of emitted photons are small, therefore we can neglect the change of the particle velocity.
Unfortunately, while studying radiation of polarized particles, even with the assumptions similar to ones discussed above, the approach based on formula (1.1) is valid only for the transitions without spin-flip. So here we will use another method based on the introduction of quasi-classical spin wave functions in QED formulas.
Such wave functions can be constructed as follows [16] . Suppose Lorentz equation is solved, i. e. the dependence of coordinates of particle on proper time is found. Then BMT equation transforms to ordinary differential equation, resolvent of which determines oneparametric subgroup of Lorentz group. The quasi-classical spin wave function signifies a spin-tensor, evolution of which is determined by the same one-parametric subgroup.
It is easy to verify that for neutral particle with spin 1 / 2 , represented by Dirac bispinor, equation for wave function Ψ (τ ) under consideration is [16] 
where H µν = − 1 / 2 e µνρλ F ρλ is dual electromagnetic tensor. Obviously, the density matrix of partially polarized fermion takes the form
where U(τ, τ 0 ) is resolvent of equation (1.5) . For pure state the density matrix reduces to direct product of bispinors, normalized by the conditionΨ (τ )Ψ (τ ) = 2m.
General relations
Now let us investigate the radiation of polarized particles on the base of the above considerations. Quantum electrodynamics formula which describes the neutral fermion transition probability at spontaneous radiation in external field is 1 :
Here ̺ i (x, y; p), ̺ f (y, x; q) are density matrices of initial (i) and final (f ) states of fermion, ̺ µν ph (x, y; k) is density matrix of the radiated photon,
In order to transit to the quasi-classical approximation, it is necessary to substitute precise density matrices for ones constructed in [16] 2 and to neglect the recoil in the photon emission process. The latter operation reduces to adding the following expression:
2) which specifies the particle trajectory to integral (2.1). After summation over photon polarizations and integration with respect to fermion momenta and coordinates, we obtain the quasi-classical expressions for the transition probability under investigation:
and for the radiation energy
1 In the expression for the radiation energy E the additional multiple k 0 -the energy of radiated photon -appears in the integrand. 2 Note, that for the constant homogeneous fields with zero second invariant as well as for arbitrary plane-wave fields such substitution is identical.
Here the following notation is introduced:
where V if , A if are determined by formulas:
(2.6)
In formulas (2.3) and (2.4) we denote by k the energy of the radiated photon. The operator U(τ ) ≡ U(τ, τ 0 ) is the resolvent of the equation (1.5). Naturally, the spectral-angular distributions for the transition probability and radiation energy can be obtained only if the solution of the equation (1.5) is known. So first of all we concentrate on investigating the general properties of these physical values.
Let us transit to the integration variable k ′ = k(lu) which denotes photon energy in the rest frame of the radiating particle. Using formulas for generalized integral transformations (for example, see [17] ), we integrate (2.3) and (2.4) with respect to variable k ′ . As a result, we obtain
The expressions (2.7) and (2.8) could be integrated with respect to the angular variables. As U(τ ) is the resolvent of the equation (1.5), then
. It provides us opportunity to obtain following expressions for angular distribution
and total radiation power
(2.14)
If we denote by S 
15)
where H µ denotes µ 0 H µν u ν . If we average over the initial spin states and summarize over final ones in the expressions (2.15) and (2.16), for which purpose we must set S µ i = S µ f = 0 and divide the obtained expression by 2, then we obtain the angular distribution and total radiation power of unpolarized fermion [11, 12] . If we set S µ i = S µ f = S µ in formulas (2.15) and (2.16), then we obtain the angular distribution and total radiation power without spin flip. One can see that the radiation powers without spin flip are equal for the states of the particle with opposite polarizations.
Using the above technique, we obtain for the transition probability at time t:
17)
Let us define the state of total self-polarization S µ 0tp by equivalent conditions
In the general case, at this state I S 0tp →S 0tp = 0. If the total self-polarization state S µ 0tp is known, then radiation power of the particle in −S µ 0tp state is
We must underline that the obtained expressions do not provide the opportunity to conclude which state of the particle is the state with maximum possible radiation selfpolarization, what is the self-polarization degree, and whether the state of total selfpolarization exists. It is connected with the fact that in general case the value W S 0 →−S 0 + W −S 0 →S 0 necessary for the balance equation could not be expressed through the BMT equation solutions. However, we can show that, if equation (1.5) and consequently BMT equation have precise analytical solutions, for the class of fields the restrictions on the type of which could not depend explicitly on the magnitude of the anomalous moment µ 0 , than for neutral fermion moving in such fields there always exists either the total self-polarization state, or the state with maximum possible self-polarization. The latter can become the total self-polarization state under continuous variation of the field characteristics.
3 Radiation and self-polarization in the fields of special type
Let us prove the above statement. The conditions for the existence of analytical solutions of BMT equation and their form are given in [18] .
3 Using the results of [18] , in order to obtain the solutions of (1.5), we introduce the following basis vectors:
where
This basis is orthogonal and its elements satisfy the equation system, which is fourdimensional generalization of Frenet equations:
Here parameters κ and κ are analogs of curvature and torsion:
In the chosen basis the spin vector is of the form
where S i = −(Sn i ) are components of three-dimensional spin vector S. The S components satisfy the equation systeṁ
Using standard transition from spinor to bispinor representation [20] , we obtain from formulas [18] 
The meaning of the introduced vectors t 0 and t is quite evident. The vector t 0 represents the axis about which the trihedron determining the field orientation in the rest frame of the particle rotates (i. e. Darboux vector). Vector t defines the axis about which the spin vector precesses in the particle rest frame.
It is necessary to note that, if the conditions (3.8) are satisfied, then the vector t is the only constant solution of the system (3.5). The corresponding solution of BMT equation is:
Characteristic of this solution is that the spin vector (3.9) conserves the orientation with respect to external field. And as we see later, it is precisely this vector that defines the direction of the self-polarization axis. Inserting (3.4) into (2.10), we obtaiñ
The expression forṼ f is obtained from (3.10) after substitution S 0i → − S 0f . If we set S 0i = ζ i t and S 0f = ζ f t, theñ
Inserting this expression into (2.11) and (2.12), we obtain the transition probability with, as well as without the spin flip, and consequently the total radiation energy. If √ −H 2 = const, we can obtain final expressions for the above values by locking the integration contour in lower or upper half-plane of the complex variable τ − τ ′ . Hence, ifΩ >Ω 0 , we obtain the following expression for the transition probability with spin flip :
IfΩ <Ω 0 , then
Here Θ(x) is Heaviside theta-function. Thus ifΩ >Ω 0 the state with spin vector (3.9) will be the state with total selfpolarization, otherwise it will have partial self-polarization. Using (3.10), it is easy to verify that maximum possible self-polarization degree is obtained in the state (3.9):
(3.14)
The transition probability without spin flip is determined as:
The total radiation power is
ifΩ >Ω 0 , and
ifΩ <Ω 0 ;
These formulas show that in the fields under investigation, in the rest frame, the particle can radiate photons of only four energies corresponding to the characteristic frequency of the external field variation, frequency of spin precession, and two combination frequencies, the radiation with the external field frequency being possible only without spin flip.
The obtained formulas may be somewhat simplified using explicit expressions forΩ,Ω 0 , t 0 , and t. We perform this for specific fields.
Examples
First of all, we consider the case of constant homogeneous magnetic field. This problem is in a sense a test for calculation techniques. It was first discussed in [1] within the framework of quantum theory, and then was repeatedly investigated using various quasiclassical methods (see, for example, [21] ). Since the parameters κ = κ = 0 for given field, the integrals over τ, τ ′ in formulas (2.3), (2.4) can be calculated precisely for arbitrary S 0i , S 0f . We obtain
Obviously, in this case the self-polarization is total, and self-polarization axis is S
, depending on the sign of anomalous magnetic moment, in the rest frame the particle spin is oriented either along or opposite to the direction of the magnetic field. Because the frequencyΩ 0 = 0, the radiation frequency in the rest frame is equal to the frequency of spin precession. It is highly important that, under transition from any spin state, the spectral-angular distribution of the radiation is the same for the transitions with spin flip and without it. This is quite obvious, so choice of the detector registering final spin state of a particle can not modify spectral-angular characteristics of radiation. In this case the classical formula for magnetic dipole radiation is valid only for the transitions without spin flip. However, due to the above feature, the radiation power calculated using this formula differs from the correct value only in numerical coefficient.
After the integration with respect to the angles and photon energies, we obtain
3)
and consider the transitions only between those states, we obtain the expressions analogous to ones derived in [1] .
Let us now discuss the radiation in the field of a circularly polarized monochromatic plane wave with the frequency ω and the amplitude E. In this case
Here
where ωn is the wave vector and a i are the unit vectors of polarization.
where d = 2µ 0 E/ω. Since the conditionΩ 0 <Ω is satisfied for any wave parameters, the transition probability is determined by (3.12) and (3.15), and radiation power by (3.16) and (3.18) . It was indicated above that in the particle rest frame the photons with only four frequencies are radiated. Partial transition probabilities and radiation powers are expressed as
; (4.8)
The fact, that the particle can radiate not only at the frequency of external wave, but also at other three frequencies, which are not a multiple of the first, was mentioned in [4] . We must emphasize, that in our case self-polarization axis does not determine constant space direction, but is rigidly tied to external field. Namely, in the particle rest frame its spin vector precesses with the wave frequency around wave vector, the spin vector being in the same plane with the wave vector and vector of magnetic field strength, the angle between spin vector and wave vector being equal to arc tangent of parameter d. The interesting case is the Redmond field, which is the superposition of the above discussed circularly polarized wave and constant homogeneous magnetic field directed along its wave vector. Since in the Redmond field the conditions (3.8) are satisfied only when particle moves along the constant magnetic field H , we study this case and set (a i u) = 0.
Then
(4.10)
(4.11) If κ < √ −H 2 , then the conditionΩ 0 <Ω is satisfied. In this case, the transition probability is defined by (3.12) and (3.15), and radiation power is defined by (3.16) and (3.18) .
And if κ > √ −H 2 , then the conditionΩ 0 >Ω is satisfied. In this case the transition probability is defined by (3.13) and (3.15), whereas the radiation power is determined by (3.17) and (3.18) . For this, it is necessary that d 1 and, consequently, the constant magnetic field strength must satisfy the condition: is satisfied, is very interesting. In this case the radiation is possible only with the frequency of external wave and with double frequency.
Conclusions
The mechanism of neutral particle radiation, is commonly described in terms of spinflip transition. However this is true only for transition from the state which is opposite to the total self-polarization state. As a result of radiation transition, the particle always goes to the state with the spin parallel to the self-polarization axis. So even for the process in homogeneous magnetic field, the transition probability separates to the transition probability with spin flip and one without it. When the particle moves in inhomogeneous, or especially in non-stationary electromagnetic field, the radiation transition without spin-flip occurs even from the total self-polarization state. For example, the effect is inherent for the process in the plane-wave field.
In conclusion it must be emphasized that the formulas for the probability of the radiation transition and radiation power are based on the solutions of equation (1.5) . Obviously, the above deductions will be also true if we replace tensor H µν by any antisymmetric tensor. For example, in [22] the spin evolution equation was deduced for particles involved in weak interaction. This equation possesses the same structure as BMT equation. So if in equation (1.5) we replace H µν by tensor G µν [22] , which describes the direct interaction of neutrino with matter, then the expressions based on the solutions of this equation will determine the intensity of "spin light" of neutrino in matter [23] and the probability of the neutrino radiation transition to sterile state.
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